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Abstract 

In this paper, we propose a general form of the equation of state (EoS) which is the function 
of the fractional dark energy density fi^. At least, five related models, the cosmological 
constant model, the holographic dark energy model, the agegraphic dark energy model, the 
modified holographic dark energy model and the Ricci scalar holographic dark energy model 
are included in this form. Furthermore, if we consider proper interactions, the interactive 
variants of those models can be included as well. The phase-space analysis shows that 
the scaling solutions may exist both in the non-interacting and interacting cases. And the 
stability analysis of the system could give out the attractor solution which could alleviate 
the coincidence problem. 
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1 Introduction 



Nowadays there is a wide consensus among observational cosmologists that our universe is 
accelerating [H El |3l H] . However, the essence of this acceleration is still an open question [5]. 
The cosmological constant is the simplest explanation, but it has the fine-tuning problem 
which requires the observed cosmological constant much smaller than the fundamental 
Planck scale, and the coincidence problem as well: why the cosmological constant and the 
matter have comparable energy density today even their evolution behavior is so different. 

Dynamical dark energy (DE) models have been proposed as alternatives to the cosmo- 
logical constant, such as quintessence and phantom O [7]. In principle, the dark energy 
problem may be one part of the puzzles of quantum gravity. However, we have not invented 
a complete theory of quantum gravity as yet. For all that, important progress in the study 
of the black hole theory and string theory is the holographic principle [8] , which could be 
considered as a fundamental principle of quantum gravity and then shed some light on the 
DE problem. Its typical application in cosmology is holographic dark energy [9l [10], the 
agegraphic dark energy pjj, modified holographic dark energy [l2j and Ricci scalar dark 
energy [13] as well. They are dynamical models in which the dark energy equation of state 
(EoS) Ud can be written as a function of the fractional dark energy density Qd- 

However, we emphasize that such fiexibility and generality are particularly important to 
our research on Ud, not only because they increase the range of possibility to be tested, but 
also because in principle they may reduce the possibility of misleading results an incorrect 
EoS parameterization can produce. For detailed research on Ud, we assume a kind of 
holographic model in which the dark energy equation of state (EoS) Ud can be written as a 
function of the fractional dark energy density Qd- If we introduce a barotropic fiuid to the 
system, the dynamics makes the system an autonomous system. 

In the previous work, many studies focus on the stability property of cosmological scaling 
solutions in an expanding universe in the scalar field dark energy model. A phase-space 
analysis of the spatially fiat FRW (Friedmann-Robertson- Walker) models shows that there 
exist cosmological scaling solutions which are the unique late-time attractors IT5 | IT6 | IT7] . 
With the assumption of Ud being a function of Qd, it may be a self-similar system that we 
can do some research on its phase space from the point of stability analysis. In addition, the 
cosmological evolution of the dark energy interacting with background perfect fiuid could 
be investigated at the same time. We consider the cases of dark energy interacting with 
background perfect fiuid, while the interaction terms are taken to be three different forms 



1 



which are famihar in the hterature [IHl [191 EO]. And the physical consequence of these 
results should be given out as well. In this paper, we also do many observational constraint 
discussions on these interacting models [211 ESI 123] . 

This paper is organized as follows. In section [21 we propose our dark energy model and 
present the physical background that we refer to. In section [3l we extend to the interaction 
cases. In section [H we give out the results of exact phase-analysis. In section [6l we try to 
analyze the four examples in detail. Finally, a short summary will be presented. 



2 Physical background 

The standard cosmology suggests that our universe goes through the radiation dominated 
period, the matter dominated period, and now the dark energy dominated period. For 
consistence, any theoretical models should coincide with this history of the universe. 

In this work, we assume that the geometry of space-time is described by the flat FRW 
metric which seems to be consistent with today's cosmological observations 

3 
i=l 

where a is the scale factor. Based on the subject we are interested in, we assume that there 
are two main components in the universe: the background matter and the dark energy. The 
background matter is assumed to be described by a perfect fluid with barotropic equation 
of state 

p'm + 37Pm = 0, (2) 

where pm is the energy density of the background matter, a prime denotes the derivative 
with respect to the e-folding time = Ina, and the barotropic index 7 is a constant and 
satisfies < 7 < 2. In particular, 7 = 1 and 7 = 4/3 correspond to dust matter and 
radiation, respectively. And the dark energy component leads to 

p', + 3(1 + Ud)pd = 0. (3) 

where the pd is the energy density of dark energy, and the dark energy EoS parameter is 
= Pd/pd- 
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With respect to the whole system, the Friedmann and Raychaudhuri equations read 



H = -^{Ptot+Ptot) = (5) 

where rupi is the Planck mass and the index "tot" notes the variables for the whole system. 
It is convenient to introduce the fractional energy densities 

n,^p,/i3m%H'), (6) 

with i being m or d. The Friedmann Equation can be rewritten as 

fi^ + fid = 1. (7) 

Furthermore, the EoS parameter can be reexpressed as 



^tot — _ , o 



d 



As the universe evolves, combining Eqs. (E]), (|3]), ([5]) and (j6]), we can get the equations 
of motion for f2j separately 

fi'^ = 3/„fi™fid, (9) 
fi'rf = -3/„fi,fi^, (10) 

with /„ = — (7 — 1), where the index n means there is no interaction between the 
background matter and the dark energy. 

However, we do not really have the exact form of Ud-, so we could not know the form of 
/„. There is a kind of holographic dark energy type model where Ud is a function of fi^, 
which can make the dynamic system an autonomous system. This kind of model has been 
widely researched. It was firstly motivated from the effective quantum field theory. Cohen, 
et al. suggested that the quantum zero-point of a system with the size L should not exceed 
the mass of a black hole with the same size, i.e. I^^pd < Lrripi, where pd is the quantum 
zero-point energy density which we could use as dark energy. Thus, the ultraviolet (UV) 
cutoff scale of a system is connected to its infrared (IR) cut-off scale. Applying this idea to 
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Table 1: The cutoff and tlie equation of state in cosmological constant model, holographic 
dark energy model, agegraphic dark energy model, modified holographic dark energy model 
and Ricci scalar dark energy model, c, n, a and (5 are all related parameters in these models. 



Dark energy models 


L 




Cosmological constant 
Holographic 
Agegraphic 

Modified holographic 
Ricci 


Constant 
Event horizon 
Age of the universe 
Blackhole mass 
Ricci scalar 


f^d = -1 
ua^ 1(3 ^f^) 

, , _ a-2 



the whole universe, the vacuum energy can be considered as DE. Choosing the largest IR 
cutoff L which saturates the inequality, we obtain the holographic DE density 

Pa = Sc^mJ^L-^, (11) 

where c is an unknown constant due to the theoretical uncertainties and can only be deter- 
mined by observations. 

We can see that, with L = constant, it recovers the cosmological constant model. 
Interestingly, taking L to be the size of the current universe which is the Hubble radius 
it yields a wrong equation of the state for DE, but a correct DE density which is close 
to the observed values. Choosing different L's, we can get different EoS which are listed 
in Tab.l. In particular, holographic dark energy chooses the event horizon as the cutoff, 
agegraphic dark energy chooses the age of the universe as the cutoff, modified holographic 
dark energy model relates the cutoff to the blackhole mass, and Ricci scalar holographic 
model chooses the value of Ricci scalar as cutoff. In each of the models, the dark energy 
state of equation is related to the dark energy fractional energy fi^, which could reduce 
a self-similar system. For a complete and exact examination, we could treat /„ as a general 
form of the fid which is 

f„{fl.d) ^i^d-Wm^UJd{fld) - il -^), (12) 

where the form of /„ or Ud is determined by the unknown underlying theory. Assuming 
exists, the system may be identified to be an autonomous system. Then we can discuss the 
properties based on the existence and the stability of its critical points. 
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3 Interacting Effects 



Interacting models have been discussed largely in order to understand or alleviate the 
coincidence problem . The basic idea is to consider the possible interaction between dark 
energy and dark matter owing to the unknown nature of dark energy and dark matter. In 
this section, by including the interaction between the dark energy and the background fluid, 
we will consider the change of the form /„. Although the interaction can significantly change 
the cosmological evolution, with proper interactions, the system is still an autonomous 
system. 

Assuming the dark energy and the background matter exchange energy through inter- 
action term Q, the continuity equations become 

p:^ + 3(l + a;>d = -g, (13) 

(^m + 37Pm = Q, (14) 

which still preserve the total energy conservation equation + 3H{ptot +Ptot) = 0. When 
Q — 0, there is no interaction between matter and dark energy. When Q > 0, the dark 
energy will lose energy to the the background matter. When Q < 0, the dark energy will 
get energy from the background matter. The interaction term Q can be assumed to be 
some special forms. For convenience, we consider the following specific interaction forms: 

Case (I) Qi = (15) 
Case (II) Q2 = 3-fdPd, (16) 
Case (III) Q3 = 3'ytotptot- (17) 

We use the indices 1,2,3 notify the different interacting cases. We can write the effective 
EoS parameters for both dark energy and background matter 

^del = ^dl i^d) + 7m ^ ^'^ , t^mel=7-l-7m (18) 

<^de2 = l^dli^d) + Id: <^me2 = 7 - 1 - 7^- ^ (19) 

L — lid 

OJdeS = i^dli^d) + ItotT^, ^meZ = 7 - 1 - (20) 
lid J- — i'd 

where the index e means the EoS parameter of dark energy or matter is " effective". 
Furthermore, we find 

fj — ^dej — ^mej (21) 
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Table 2: Four main critical points. 



Label 


Physical meaning 






(Ai,A2) 




M 
Fm 
D 

Fd 


Matter dominated 
Matter dominated 
DE dominated 
DE dominated 


(1,0) 
(0,1) 

(^m, ^d) 


h 

fj = 0, 

/. 

/. = 0, 


(0,-3/,) 

(0, -3/4.^,^^) 

(0,3/,) 

(0, -3/4.^,^^) 


^tot = 
^tot = ^d 



where j = 1, 2, 3, and 

/i = /n + ^ = codm - (7 - 1) + ^, (22) 

"d "d 

= I" + rr?!:; " " " ^' + r^- 

In conclusion, the fractional energies evolve as 

n'^ = sf.n^n^, (25) 

= -?>fj^Mm. (26) 

When j takes ra, it is the non-interacting case, and when j is 1, 2, 3, it is the different 
interacting cases presented in Eqs.( IT5|) . (|T6l) and ( TT71) . This is an autonomous system with 
Eq.(l7]) as its constraint. 



4 The Critical Points for the General Form 

In the following, we firstly obtain the critical points of the autonomous system by imposing 
the conditions Vt'^ = Q!^ = Obviously, the critical points should satisfy the Friedmann 
constraint VLm + fi^ = 1. Then, we will discuss the existence and stability of these critical 
points. An attractor is one of the stable critical points of the autonomous system. 

Based on the history of the universe and Eqs. fl25l) . (l26i) . we can get that the critical 
points in Tab. 2. Critical point M is the matter dominated phase with VLm = 1. And 
Critical point D is the dark energy dominated phase with Vtd = 1. If fj oc or fj oc 
these two fixed point may not exist. Besides the above two fixed points, there are other 
solutions with fj = 0. As the universe goes through the matter dominated phase and the 
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dark energy dominated phase, we consider the critical points with utot = or cutot = — 1, 
which is matter dominated phase Fm or dark energy dominated phase F^. 

If we substitute hnear perturbations about the critical point {Qm, ^d) into the dynamical 
system Eqs. fl25l) and fl26l) and linearize them, we can get that 

sn'^ = 3f{nd)na5nm + 3 (^f{n,)nm + ^^^^-^^i) ^^d, (27) 
sn'^ = -sfin^wnm - 3 (^find)n^ + ^^^^™^'^)) ^^d- (28) 

The two eigenvalues of the coefficient matrix of the above equations determine the stability 
of the corresponding critical point, which yield two eigenvalues 

Ai = 0, (29) 
A2 = 3/(2fi, - 1) - 3m,{l - Qa). (30) 

Here = df/dQ^- When A2 is positive, the corresponding critical point is an unstable 
node. "Unstable" means that the phase will not stay in the phase for long, and eventually 
it will evolve to other phases. When A2 is negative, the corresponding critical point is a 
stable node and the phase will last long. We list these critical points in Tab. 2 as well. 

With regard to the history of the universe, we expect that the matter dominated phase 
should be unstable; otherwise, the universe will not enter the dark energy dominated phase. 
The stability of the matter dominated phase will determine whether the model coincides 
with the history of the universe or not. If the matter dominated phase (M or Fm ) is 
stable, we will see that there is no way for the universe to get into a dark energy dominated 
phase. The stability of the dark energy dominated phase {D or F^) will determine the 
fate of the universe. If it is stable, the dark energy phase is an attractor that the universe 
will be dark energy dominated in the future. With a preceding unstable matter-dominated 
phase, the universe will enter the phase at last. If the critical points are unstable, then, 
even through the EoS parameter might be smaller than —1, the universe would escape the 
big rip singularity. 



5 The Interacting Terms 

As we discussed, the four critical points in Tab. 2 may not all exist, especially in the inter- 
action cases. 
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With interacting term one, we will not have the critical point M. With the interacting 
term two, we will not have the critical point D. With the interacting term three, we will 
not have both the critical points M and D. When fj = 0, from Eqs.(|H]) and ( 12T1) . we can 
get that 

^tot = ^de = ^me- (31) 

There are two scaling solutions. That the solutions may appear in the non-interacting and 
interacting cases or not depends on the exact form of Ud- 

At the critical points Fm, we assume utot = for a matter dominated phase, then we 
can get that 

^tot 
^tot 

In the interacting term one case, 7 
(7 — l)/(7rf + 7 — 1)) and in the interacting term three case, fi^ = 1 — 7tot/(7 — !)• 

And, at the critical points F^, as ujtot = —1, we can get 

c^tot = 7 - 1 - 7m = -1, (35) 
uJtot = 7 - 1 - 7d- — ^ = -1, (36) 

^*ot = 7-l-T^ = -l- (37) 

In the interacting term one case, 7 = 7^- In the interacting term two case, Qd = l/ ild + l)) 
and in the interacting term three case, Qd = ^—'Jtot/'J- Because < < 1, the interaction 
parameter should satisfy 7d > and 'jtot > 0. 

If one of the critical points Fm or F^ exists, it can be treated as a scaling solution 
which is helpful to solve the coincidence problem. And the above discussions show that the 
phase- analysis method is effective to describe the dark energy models even with interactions 
included. In the following, we will give exact examples. 



= 7 - 1 - 7„ = 0, (32) 

= 7-l-7d^=0, (33) 
I — \ ld 

= 7-l-T^ = 0. (34) 

i — \ Ld 

— 1 = 7m- In the interacting term two case, Qd = 
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Table 3: The properties of the critical points in the cosmological constant model. 







(Ai,A2) 


existence 


stability 


^tot 


M 


(1,0) 


(0,37) 


always 


unstable 


7-1 


D 


(0,1) 


(0,-37) 


always 


stable 


-1 



6 The Examples 

In this section, we list five examples for three purposes, to choose models which coincide with 
the history of the universe, to consider the fate of the universe, and the last is to consider the 
effects of the interactions. The five dark energy examples are in Tab.l: the cosmological 
constant model, the holographic dark energy model, the agegraphic dark energy model, 
the modified holographic dark energy model and the Ricci scalar holographic dark energy 
model. 



6.1 Cosmological Constant Model 

First, we investigate the cosmological constant case with L = constant. In the non- 
interacting case, we can see that 

uj'a^-l, cum^l-l, (38) 
fn = -7, (39) 

where the superscript c means the cosmological constant model. If we put the above 
equations into the evolution of the energy density we can get that 

Q'^ = -s^n^n^, (40) 

il'a = S'yQa^^. (41) 

In Tab. 3, we hst the main results related to the critical points. The non-interacting cos- 
mological constant model gives out a unstable matter dominated phase, and a dark energy 
attr actor as well. 

In the interacting term cases, we replace the EoS parameter u;^ and uud with the effective 
EoS parameter uume and oude- In the interaction one case, 

fl = OJdel - OJmel = "7 + S^- (42) 
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Table 4: The properties of the critical points in the cosmological constant model with 
interacting term one. 







(Ai,A2) 


existence 


stability 


^tot 


Fm 
D 


(\ — IHL 7m \ 

(0,1) 


(0,-3(7-7^)) 


< 7m < 7 
always 


unstable 
7^ < 7, stable 




-1 



Table 5: The properties of the critical points in the cosmological constant model with 
interacting term tiAo. 







(A1.A2) 


exist one- 


stal)ilit}' 




M 
Fd 


(1,0) 

(Id I _ ld\ 


(0,37 
(0,-3^) 


always 
< 7<i < 7 


unstable 
stable 


7-1 
-1 



- (43) 



In the interacting term two, 



In the interacting term three. 



= 7„(- + (5^). (47) 

As are listed in Tabs. 4, 5 and 6, we can always get the unstable matter dominated phase 
and the stable dark energy dominated phase. We can see that the critical points require 
7^ > 0, 7d > and jtot > 0. The interactions bring further constraint to the parameter 7. 



6.2 Holographic Dark Energy 

The successive holographic dark energy model uses the future event horizon of the universe 
as the IR cutoff, which leads to 



00 



a I 4^ (48) 
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Table 6: The properties of the critical points in the cosmological constant model with 
interacting term three. For conciseness, we define a new variable k = . /— ^ + j. 







(Ai,A2) 


existence 


stability 


^tot 


Fm 
Fd 


(| + /c), 1 — /c) 

(l ~ k),\ + k) 


(0, — S/J'gOrn^d) 


< 2*2* < i 

— 7 — 4 

Q < TW < 1 

— 7 — 4 


< 0, unstable 
> 0, stable 




-1 



Table 7: The properties of the critical points in holographic dark energy model. 



Label 




(Ai,A2) 


existence 


stability 




M 


(1,0) 


(0,7-1) 


always 


7 > |, unstable 


7-1 


D 


(0,1) 


(0,2(1-1) -37) 


always 


c > unstable 


4(1 + i) 



= 3c^myL^ (49) 

where the superscript h means the holographic dark energy model. 
In the non-interacting term, 

^d = ^(l + ^V^), (50) 
^ua-Um^ ^(1 + ^^) - (7 - 1)- (51) 

If we put the above equations into the evolution of the energy density, we can list the 
main results related to the critical points in Tab. 7. In the non-interaction case, if 7 > 2/3, 
the matter-dominated phase is unstable, in the meanwhile the dark energy dominated phase 
is also unstable. For example, assuming 7 = 1, c > —1 will make the unstable case, which 
means we can get the big-rip fate in holographic dark energy and the realization of the dark 
energy dominated phase hardly depends on the initial conditions. 

With the interacting term one, 

A" = CUdel - UJmel = ^(1 + 'V^d) " (7 " 1) + ^, (52) 

6 c lid 



fdl — Q /7T' 02 ■ (^'^) 



We can get the critical point D, and the existence of 7^ extends the parameter regime of c. 
There is no M point because of the interaction. However, there is a new matter dominated 
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Table 8: The properties of the critical points in holographic dark energy model with 
interacting term one. For conciseness, Qd = -2/3+7 phase is presented in the 

caption. 



Label 




(Ai,A2) 


existence 


stability 


^tot 


Fm 
D 


(0,1) 


0,3n^(^ + ^) 
(0,2(l-i)-37 + 37„) 


7-1 ^ 2 

always 


7m > 0, unstable 
c > Q ^1 Q — .unstable 

2-37+37m ' 




-l-2c 
3c 



Table 9: The properties of the critical points in holographic dark energy model with 
interacting term two. 



Label 



(Ai,A2) 



existence 



stability 



^tot 



M 
Fd 



(1,0) 

Id 7 



(0,-3(1 -7 -7d)) 
(0,-3. 



3c 



)) 



always 
7d > 



7 > I + 7rf, unstable 



2 

„ , ^3 < c^, stable 

97(7d+7)'^ ' 



7^ + 7-1 
-1 



phase Fm- To get such a phase, we require Utot = and = 0, so we can find when the 
total universe behaves like matter-dominated. As the matter dominated, we need to 



I'd 

be much smaller than Qm- Specifically speaking ,we can assume Qd <^ ^ ~ -2/3+7 " 
7m > could lead to the unstable matter dominated phase. And we set 7^ = 7 — 1, which 
means Utot = 0. 

In the interacting term two case, 

,h -1.. , 2 , Id 



^2 = ^(1 + -V^^) - (7 - 1) + 7^^, (54) 
3 c [l-Ud) 

fd2 = o ~'~ 7i FT^' (^^) 
3cVild (1 - iid)^ 

The critical point M shows that if 7 > 2/3 + 7^, the matter dominated phase is unstable. 
And the Fd critical point shows that we can get a dark energy attractor in holographic 
model when the first term in the Eg. (1551) is much smaller than the second term. 

With the interacting term three. 



# = ^(l + jVn.)-h-l) + j^^^, (56) 

nh' _ 1 _ Ttot Itot /p.„x 
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Table 10: The properties of the critical points in holographic dark energy model with 
interacting term three. 



Label 




(Ai,A2) 


existence 


stability 


^tot 


Fm 
Fd 


t Itot 1 7tot \ 

V7-I' 7-1/ 

^ 7tot Itot ^ 


(0, — S/^gfim^d) 

(0, — S/^gl^m^d) 


< < 1 

— 7-1 — 

< Tl£i < 1 

— 7 — 


< 0, unstable 
> 0, stable 




-1 



Firstly, as is noted in Tab. 10 , the existence of a critical point needs '-jtot > 0. When 
Qd is large, the absolute value of the third term in Eq.( l57|) will be larger than the first two 
terms, /^g > 0, and we get the stable dark energy dominated phase. Instead, if fid is small, 
< 0, we will get the unstable matter dominated phase. 

We can see that in holographic dark energy model, as we predicted, we can get the 
matter dominated and the dark energy dominated phase. The interacting term could play 
an important role to make the dark energy dominated phase stable. 



6.3 Agegraphic Dark Energy 

Agegraphic dark energy model, whose cutoff is the age the universe by the age of the 
universe, is proved to be consistent with the evolution of universe, 

rP- = Pi 

Hd rp2 ' 

where the superscript a means the agegraphic dark energy model. 
In the non-interaction case. 



(59) 



a;2 = -l + ^, (60) 
/: = |-V^-7, (61) 
fi = (62) 

6ny/\Ld 

Putting these forms in the Eq.(l25l) and ( l26l) . we could get the stability of the critical points 
which is listed in Tab. 11. 
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Table 11: The properties of the critical points in agegraphic dark energy model. 



Label 




(Ai,A2) 


existence 


stability 


^tot 


M 


(1,0) 


(0,37) 


always 


unstable 


7-1 


Fm 


U 4 ' 4 / 


(o,-f(i-^)) 


n< ^ 

37 


stable 


7-1 


D 


(0,1) 


(0, 1 - 37) 


always 


n > stable 

37 ' 


-1 + ^ 

^ 3n 



Table 12: The properties of the critical points in agegraphic dark energy model with 
interacting case one. 



Label 


(fi^, Qd) 


(Ai,A2) 


existence 


stability 




Fm 


/" 7m 7m \ 


(0,Q„(37-^^)) 


7m = 7 - 1 


7m < 97^n^, unstable 





D 


(0,1) 


(o,f -37 + 37J 


always 


n > 1^ — \ — ,stable 


^ 3n 



In Tab. 11, we can see that, there is an interesting critical point Fm which is an attractor, 
so it is impossible to have the dark energy dominated phase. There are three points. With 
n larger than 2/37, it could get the dark energy dominated phase; otherwise, there will 
always be matter dominated. And to make the universe accelerate, in the dark energy 
dominated phase uitot — — l + 2/3n < —1/3, it requires n> 1. 

With the interacting case one. 



Vt^ J'^ - 3n 7„ 

we can get the critical point D, and the existence of 7^ extends the parameter regime 
of n. There is no M point because of the interaction. However, there is another matter 
dominated phase Fm- To get such a phase, we require uitot — and /f = 0. As matter 
dominated, we could assume much smaller than Q^. Then we can get the unstable 
matter dominated phase and the dark energy dominated phase. 

With the interacting term two, 

;,«_l + |.yn^_(,_l) + _^.0, (65) 
, _ (1 - + 3n7,x/n^ 
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Table 13: The properties of the critical points in agegraphic dark energy model in interac- 
tion two. 



Label 


(fim, fid) 


(Ai,A2) 


existence 


stability 


^tot 


M 

Fd 


(1,0) 

I Id 7 ^ 

l+ld ' 7+7rf ' 


(0, -Id + 7) 
(0,-3(^ + ^)) 


always 
7d > 


7d < 7,unstable 
stable 


7-1 
-1 



Table 14: The properties of the critical points in agegraphic dark energy model in interac- 
tion three, 



Label 


{Qm, fid) 


(Ai,A2) 


existence 


stability 


^tot 


Fm 
Fd 


( Itot 1 Itot \ 

V7-1' 7-1/ 

iytot_ itot \ 

V 7 , 7 


(0, — S/Jjfimfid) 
(0, —"ifdlS^m^d) 


< ^ < 1 

— 7-1 — 

< < 1 

— 7 — 


< 0, unstable 
/rf^g > 0, stable 




-1 



In Tab. 12, it only needs that < 7d < 7, and we can get the unstable matter dominated 
phase and the stable dark energy dominated phase. 

With the interacting term three, 

3ra fid(l - fid) 

ra' _ 1 _|_ 7tot Itot ,r-o\ 

^'^^ " 3nv/fi^ ^ fi^fi™ fidfi^" ^ ^ 

The existence of the critical point Fd needs 7^^ > 0. When fi^t is large, the absolute value 
of the third term in Eg. (1681) will be larger than the first two terms, /^g > 0, then we get 
the stable dark energy dominated phase. Instead, if fid is small, /^g < 0, then we will get 
the unstable matter dominated phase. 

In conclusion, the interaction is very helpful to extend the parameter phase and then 
alleviate the coincidence problem. 



6.4 Modified Hologrphic Dark Energy 

Furthermore, to realize a workable dark energy model. Gong use the Hubble scale as the 
IR cut-off L, and the UV and IR connection is modified by using the black hole mass M 
in higher dimensions, 

L'p7 -M= ^-^^-p^L--\ (69) 
167rGiv 
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Table 15: The properties of the critical points in Modified Holographic dark energy model. 



Label 




(Ai,A2) 


existence 


stability 


^tot 


M 
D 


(1,0) 
(0,1) 


(0,3-|a7) 
(0, -3) 


always 
always 


a < unstable 

7' 

stable 


7-1 
-1 



Table 16: The properties of the critical points in Modified Holographic dark energy model 
in interacting case one. For conciseness, = 27-07+07 phase is presented in 

the caption. 



Label 


(f^m, ^d) 


(Ai,A2) 


existence 


stability 


^tot 


Fm 


(l-Qrf,Qd) 


(0, -3/,YQ,Q^) 


< Qd < 1 


< 0,unstable 


-7m + 7-1 


D 


(0.1) 


(0.3^,,,.-^,,)) 


ah^'ays 


^i,n < "i ■ stable 


-1 



where the superscript m means the modified holographic dark energy model, N is the num- 
ber of spatial dimensions, d is the unknown constant related to the theoretical uncertainties. 
Gat is the Newton constant and Qn-i is the volume of the black hole. 

In the non-interaction case, 

-r = -i + ^i^?^,-„=T-i, (71) 

^ 2 -an, - ^' ^^^^ 

where a = 5 — iV < 2. 

In the non-interaction case, the critical point M which presents the matter dominated 
phase would be unstable only when a < ^. If 7 = 1, it means that, only for the spatial 
dimension > 3. the universe could escape from the matter dominated phase. When the 
spatial dimension is = 3, there exists a matter-dominated phase Fm again. We should 
calculate to the second order perturbation to justify its stability. Nevertheless, the dark 
energy dominated phase D is an attr actor. 

With the interaction term one, 

fm ^ Q^7(l - ^d) _ , 7m ^ (Q-2)7 7m . 
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Table 17: The properties of the critical points in Modified Holographic dark energy model 



in interacting case two. 



Label 




(Ai,A2) 


existence 


stability 


^tot 


M 


(1,0) 


(0,-3(f + 7d-7)) 


always 


Id < unstable 


7-1 


Fd 


C 7d 7 ^^ 

Wrf+7' 7rf+7^^ 


(0, —3/^ ^d^m) 


7d > 


/rf™' > 0, stable 


-1 



Table 18: The properties of the critical points in modified holographic dark energy model 
in interacting case three. 





^d) 


(Ai,A2) 


existence 


stability 


^tot 


Fm 
Fd 


( Itot 1 Itot \ 

^7-1' 7-1'' 

/ Itot Y 7tot \ 

V 'Y ' 7 


(0, —3/^ ^m^d) 

(0, -3/,-'fi^n,) 


< < 1 

— 7-1 — 

< 2*21 < 1 

— 7 — 


/rf™' < 0, unstable 
/™' > 0, stable 




-1 



By adding the interacting one, we will still get two phases. The matter dominated phase 
Fm is unstable when < 0. We need that < a < 2 and 7m > 0. Furthermore, with 
7m, < 7, the dark energy dominated phase is an attractor. 

With the interaction term two, 

/?• = + r^. (75) 

fm' _ Id . - 2) 

~ (l-fi,)2 + (2-afi,)2- ^'^^ 

From Tab. 17, the instability of the matter dominated phase and the existence of the dark 
energy dominated phase Fd require that < 7^ < (2 — 0)7/2, and it means a < 2. Then 
for a stable dark energy phase, we need that the first term in Eg. (1761) is larger than the 
second term. 

With the interacting case three, 

fm _ (« - 2)7 Itot , . 

2-and n^ii-^dV ^ ' 

rm' ^ Itot ai{a - 2) _ 7tot /^.x 

^■^^ r^l^m (2 - a(],)2 n^ni ^ ^ 

The existence of the critical point Fd needs 7^ > 0. If a < 2, when VLd is large, the 
absolute value of the third term in Eq.f jTHj) will be larger than the first two terms, and 
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Table 19: The properties of the critical points in non-interaction Ricci dark energy case. 
For conciseness, = ^ for the Fm phase is presented in the caption. 



Label 




(Ai,A2) 


existence 


stability 


^tot 


Fm 
D 


(0,1) 


(0, -3/;'^]d^]„) 
(o,-3|. + |-7) 


< ^^(^'"^ < 1 

always 


7 < 4/3, unstable 
> 2 - |7,stable 


7-1 

3/3^ 



fd3 > 0, we get the stable dark energy dominated phase. Instead, if Vtd is small, < 0, 
we will get the unstable matter dominated phase. If a > 2, when VLd is large, the absolute 
value of the last two terms in Eq.( l78|) will be larger than the first term, > 0, and we 
get the stable dark energy dominated phase. Instead, if Vld is small, < 0, we will get 
the unstable matter dominated phase. 

In conclusion, the interaction one and three cases alleviate the constraint on the spatial 
dimensions. 



6.5 Ricci Dark Energy 

Recently, the average radius of the Ricci scalar curvature has been chosen as the IR cutoff 
in Ricci DE model: 

L = R = 6{H + H^)p'a = 3P^mli{H + H^), (79) 

where the superscript m means the modified holographic dark energy model and /3 is the 
model parameter. We can get 

9 T o 

L), w„ = 7-l, (80) 
). (81) 

(82) 

In the non-interaction case, for the form of the u^, we could not get the M critical 
point, but an Fm critical point instead. From Tab. 19, we can see the two critical points 
which could lead us to the stable dark energy dominated phase and the unstable matter 
dominated phase. 



r 

^d = 


2 

3/32 + 


1 

SQd 




fr 


2 


1 


--(7 


Jn 


3/32 + 


SQd 
1 


rr' 

J dn 


(7-i) 
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Table 20: The properties of the critical points in Ricci dark energy model with interacting 



case one. For conciseness, fl„ 



/32(4-37+37,n)' 



in Fm phase is presented in the caption. 



Label 



(Ai,A2 



existence 



stability 



, — |, unstable 
^^to^, stable 



Fm 
D 



(0,1) 



(0, -3/,^;^,^^) 

j^g -2+/3^(4-37+37m) 



3«2 



< fid < 1 
always 



7m > 7 



7-1 

"3g^ 



Table 21: The properties of the critical points in Ricci dark energy model in interacting 



case two. 



Label 


{flm, fid) 


(Ai,A2) 


existence 


stability 


^tot 


Fm 
Fd 


Wd+7-1 ' 7d+7-l'^ 

( Id 7-1 ^ 

Wrf+7' 7rf+7^ 


(0, — 3/^2^rf^m) 
(0, — 3/^2fidfim) 


< 1" , <l 

— 7d+7-l — 

7d > 


< 0, unstable 
> 0, stable 




-1 



In the interacting case one, 

/i; = (-7,,. + 7 - j) (84) 

< 1/3, the universe could accelerate. And with certain constraint on the parameter 
/3, we can get the expected unstable matter dominated phase and a stable dark energy 
dominated phase. 

In the interacting case two, we can see that 

/2 = -ttI^ + 77^ - 7^(7 - 1) + 7^^^ = 0, (85) 



3/32 3fid fid' ' (1-fid) 

3^fi2^(l-fi,)2' 



/d2 = (7-;7)7^ + 7^^- (86) 



The existence of the critical point needs 7^ > 0. Assuming 7 < 4/3, when fi^^ is large, 
the absolute value of the second term in Eq.(l86l) will be larger than the first term, f^^ > 0, 
and we get the stable dark energy dominated phase. Instead, if 1 — fi^ is large, /^2 < 0, 
will get the unstable matter dominated phase. 



With the interaction term three 



3/32 +3fi. fi.^^ ^^+fi,(r-fi,)' ^^^^ 
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Table 22: The properties of the critical points in Ricci dark energy model in interacting 
case three. 



Label 




(Ai,A2) 


existence 


stability 


^tot 


Fm 
Fd 


( Itot 1 "Itot \ 

V7-1' 7-1/ 
iytot_ Y 7tot\ 

V 'Y ' 7 


(0, —3/^3^2^^^) 

(0, — s/jgfimr^d) 


< < 1 

— 7-1 — 

< < 1 

— 7 — 


< 0, unstable 
> 0, stable 




-1 



fd, = {l-ltot-\)^,+^^. (88) 

The existence of the critical point Fd needs 7^* > 0. Assuming 7 — 7^^ < 4/3, when is 
large, the absolute value of the second term in Eq.f l86p will be larger than the first term, 
> 0, and we get the stable dark energy dominated phase. Instead, if 1 — is large, 
fd2 < 0' "^ill the unstable matter dominated phase. 

In conclusion, in the Ricci dark energy model, we successfully get the desired matter 
dominated and dark energy dominated phases. The interactions extend the regime of the 
parameter and help to get some scaling solutions. 

6.6 Discussions 

However, in the above discussions, we conclude that the interactions may have three-fold 
action: to make the unstable dark energy dominated phase an attractor, to extend the 
regime of the parameter, and the last is to make out scaling solutions to alleviate the 
coincidence problem. 



7 Conclusion 

In the paper, we suggest that we could construct the models in which the equation of state 
is related to the fractional dark energy. Then, considering the evolution of the universe, 
we analyze the dynamical behavior in the holographic-like models. Since the universe 
experiences the matter dominated phase and the dark energy dominated phase, we focus 
on this two phases. 

We have presented a phase-space analysis of the evolution for a spatially flat FRW uni- 
verse containing dark energy and matter. Based on the established history of the universe. 
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we want to get an unstable matter dominated phase and a stable dark energy dominated 
phase. The unstable matter dominated phase is necessary. If the dark energy dominated 
phase is unstable, it may depend on the initial conditions that the universe first went 
through a matter dominated phase, and then a dark energy dominated phase. But if it is 
an attractor, we do not need to consider the initial conditions. 
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